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Improved Integer Ambiguity Resolution Technique
for Fixed Arrays

Jonathan D. Wolfe* and Jason L. Speyer"
University of California, Los Angeles, Los Angeles, California 90095-1597

A method for quickly and accurately determining the integer ambiguities associated with carrier phase mea-
surements on a rigid antenna array is presented. Residuals generated from the difference between the global
positioning system measurements and the hypothesized value have been used in the multiple-hypothesis Wald
sequential probability test (MHWSPT) to resolve the integer ambiguities. The new technique involves augmenting
these residuals with new residuals constructed from the known baseline distances between the antennas in the
array. Experimental results using this augmented set of residuals in the MHWSPT demonstrate an approximately
eightfold reduction compared to that using only the residual set without augmentation in the time required to
determine the integer ambiguities to desired levels of certainty.

Nomenclature
b = common mode global positioning system (GPS) code
measurement error associated with GPS satellite j
c = speed of light in a vacuum
m = number of mutually observed GPS satellites
Ni(" ) ambiguity in phase measurement between GPS

satellite j and user i
n; = noncommon mode GPS code measurement error
between GPS satellite j and antenna i

S$U) = position of GPS satellite j in inertial space

X; = position of ith antenna in inertial space

B common mode GPS carrier phase measurement error
_ associated with GPS satellite j

AN(_/) — Nz(]) _ N;])

A = pf) —nY

At = Afz — At 1

At; = clock error between ith user and GPS time

Ax = x% )— X7 ~
j — J J

A( ' 0 = n —n .

n;’ = noncommon mode GPS carrier phase measurement

error between GPS satellite j and antenna i
A = carrier signal wavelength

ﬁi('/ ' = code GPS pseudomeasurement from GPS satellite j
to antenna i

VAN = vector of integer ambiguities

I. Introduction

OR control and navigation applications, the attitudes of air-

planes, spacecraft, and water vessels have long been measured
using inertial measurement devices such as gyroscopes. These in-
struments require periodic recalibration and are relatively expensive.
The widespread adoption of the global positioning system (GPS)
over the past two decades has added a new position and velocity
sensing instrument to the suite of navigation instruments that is rel-
atively inexpensive and is self-calibrating. With the coming of GPS,
the attitude of a vehicle in inertial space can also now be measured
in a new way.
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The basic GPS technology was originally developed as a tool for
determining the position and velocity of a radio-frequency antenna
with respect to an Earth-centered coordinate system. Researchers
quickly found that they could enhance the accuracy of their mea-
surements by measuring the positions of two or more GPS antennas
relative to each other. In particular, to the problem of attitude estima-
tion, researchers realized that by determining the relative positions
between GPS antennas that are affixed to a rigid platform, the orien-
tation of the platform can be determined in inertial space. To make
accurate estimates of the platform’s attitude, the differential GPS
measurements must have centimeter accuracy. Although GPS tech-
nology has advanced sufficiently to allow differential carrier phase
GPS measurements with this accuracy, there are certain problems
associated with using these measurements.

Whereas the differential carrier phase between the antennae can
be measured accurately and precisely to the centimeter level, the in-
teger numbers of full carrier phase cycles originating from the same
GPS satellite that lie between the antennas are not measured. The
phase-lock loops tracking the carrier signal do measure the number
of cycles that pass once the tracking begins, but the initial values
remain unknown. The problem of determining these initial values,
called the integer ambiguities, has been studied extensively.!~’

When the fixed geometry of an antenna array can be used as
a constraint, the process of finding the integer ambiguities can be
accelerated. Prior integer resolution methods that exploit this con-
straint fall into two basic categories. Some authors attempt to use
the fixed-baseline constraint to resolve the integers using the mea-
surement data from a single epoch.®~!! Because these instantaneous
methods do not smooth over many measurements, they are vulner-
able to sensor noise and may converge to incorrect solutions. As a
result, a single noisy measurement can seriously impair the accu-
racy of the system because an erroneous integer value will typically
reduce the accuracy of the relative distance estimate by an order of
magnitude.

Another class of integer resolution methods for fixed-geometry
arrays uses information about the motion of the GPS satellites and
the antenna platform.'>'3 Motion data are collected over a period
of time, then the integers are resolved in a batch solution. The use
of additional measurements improves the integrity of the solution
when compared to the instantaneous methods. Unfortunately, it may
require several minutes of data to generate a solution.

This paper extends prior work on integer resolution to the special
problem of resolving the integer ambiguities of rigid antenna arrays,
so that we can find the attitude of the array.® By the use of the extra
constraints induced by the array’s rigidity, we can reduce the time
that it takes to converge on the correct integer ambiguities. As in
previous work, our algorithm begins by calculating a solution using
data from only a single measurement epoch. As new measurements
from later epochs are acquired, the solution algorithm calculates new
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solutions for the integer ambiguity and estimates of its confidence
in these solutions. Our algorithm asymptotically minimizes the ex-
pected number of data samples that it must take before announcing
a solution, given a desired probability that the solution is correct.
(The minimum is asymptotic in the sense that it allows sampling
to possibly continue indefinitely.'*~!%) As a result of implementing
the length constraint, our experiments show that the new method
resolves the integer ambiguity set approximately eight times faster
than the standard method used for the unconstrained problem.

This paper is organized as follows: Section II provides a review
of the fundamentals of differential GPS. In Sec. III we introduce
a residual process that uses information about the known baseline
lengths between the antennae in the array. Residuals are generated
from the difference between the GPS measurements and hypothe-
sized values of the integer ambiguities. We augment the standard
residuals used previously® with this new residual, and then ana-
lyze the augmented residual set with a procedure that determines
the integer ambiguities using a multiple-hypothesis Wald sequen-
tial probability test (MHWSPT). In Sec. IV, experimental results
from a fixed baseline array are presented. In our experiments, we
show that the MHWSPT applied to the augmented residual can re-
solve the integer ambiguities about eight times more quickly to the
correct integer set than when only the standard residuals are used.
Section V concludes the paper.

II. Differential GPS Preliminaries

To simplify the exposition, we will confine ourselves to the case
of differential GPS between two measurement stations. Extensions
to cases with more measurement stations is a straightforward matter.
The measurement stations, identified by the subscripts 1 and 2,
each collect GPS code and carrier phase pseudomeasurements cor-
responding to a set of m mutually observed GPS satellites. The
code and carrier phase pseudomeasurements collected at station i
corresponding to the jth GPS satellite are

A" = |89 —x:|| + cAt +n + b (1)

ap” = AN + |89 —x; | + At + 17 + B9 (2)

where N,.“ ) is the initial number of full wavelengths between the
Jjth GPS satellite and user i. (After the initial time, increases and
decreases in the number of cycles between the user and the satellite
are counted by a phase lock loop and reflected in ¢ ) ) The terms

n?, b9, n and BY reflect noise from varlous sources. The code
pseudorange 0; ) and the carrier phase ¢ /) are measurements, the
carrier wavelength X is a known constant, and the satellite positions
(8Y}, j=1,2,...,m, are assumed to be known. All of the other
variables in Egs. (1) and (2) are unknown.

The term At; represents the unknown bias between the ith user’s
clock and GPS time. We also include in this clock bias term the
receiver oscillator phase difference term defined in Ref. 20. This in-
clusion is consistent with the analysis in Ref. 21. However, Goad®
adds the receiver oscillator phase differences into the integer ambi-
guity N;J ) instead. When this approach is used, the integer ambigu-
ities will take noninteger values, although the double differencing
operation described later in this section will cancel out the non-
integer parts of each N, ) Note that the receiver oscillator phase
difference is common between measurements associated with the
same GPS satellite vehicle (SV), just like the clock error. Therefore,
these combined errors can be estimated, or eliminated by a double
difference.

Let us now assume that the antennae are affixed to a rigid body
and that we wish to determine the attitude of that body in an inertial
space. To determine the attitude, we do not need to know the absolute
positions of the antennas. The relative positions of the antennas in
inertial space are sufficient to determine the attitude, without any
knowledge of the absolute position of the body.

When we subtract the measurements corresponding to one an-
tenna from those measured at another antenna, we obtain a mea-
surement that is a function of the relative distance between the two

antennas,

AR = 59— 50 = |89 —xs | = |89 — %1 | + cAr + An®)

3)

AP = 1§y — 1) = —AANY + |8V — x|
- ||S<f> —xi| +cAr + ApY )
where At = A —At;, ANDEND - NP AnD 2 —n,

and Ap) 2 7 — . Note that the common-mode n01ses {b(f)}
and {8} have been ehmlnated. Because the common-mode errors
in the GPS signal are relatively much larger than the other mea-
surement errors, creating these differential measurements allows us
access to measurements with lower noise when the antennas are
close (within kilometers) to each other. Note also that if both of
the antennas were connected to the same GPS receiver, and the line
biases between all of the antennas and the receiver had been cali-
brated in advance, then the differential clock bias ¢ Ar would always
be zero.

We will now linearize the measurement equations (3) and (4)
about some reference position x, that is nearby both of our two
antennas. (Usually, this is just a poor position estimate of one of
the antennas relative to the center of the Earth, constructed using
absolute code GPS measurements.) Then the quantity || —x;||
can be approximated to first order as

|89 = xi|| ~ |89 — xo || + 2 (x; — x0) ®)

AR or oror
dx dy 0z

e

and the coordinates of $¢) and x, are given by (X, Y, Z()) and
(X0, Yo, 20), respectively.

The differential GPS measurement equations (3) and (4) may,
thus, be approximated as

where

(x0.0,20)

(Y® — yo)" + (200 — 20)°

APV =hY (x; —x1) + cAt + AnW (6)
AAPY = —AANYD + BV (xy —x)) + cAt + AP (7)

Arranging these equations in a vector form associated with the satel-
lite set in view yields

Ap=HAx + UcAr + An ®)
AAP = —AAN + HAx + UcAt + Aq 9)

where Ax = x, —x;and U EX [11 1]7. Note here that the rela-
tive clock error c At appears in every equation represented inside the
matrix equations (8) and (9). Hence, we can multiply these vector
equations on the left by an elementwise integer valued left annihila-
tor A of the rank one matrix U and arrive at double differenced
measurement equations that do not depend on the clock biases.
(A e R~ D> jq g eft annihilator of U when it has full row rank
and AU =0, _y. If m > 1, such an integer-valued left annihilator
will always exist. One such A corresponds to subtracting the first
row of equations from all subsequent rows.) Thus,

VAp=VHAx+ VAn (10)
AMVA@ + VAN) = VHAx + VAR an

where
VAp=AAp, VH=AH, VAn=AAn (12

VA =AAS, VAN = AAN, VAp=AAn (13)
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‘We will refer to the operation of subtracting a quantity correspond-
ing to a difference between two antennas as taking a single dif-
ference and to the operation of subtracting two single differences
corresponding to different SVs as taking a double difference. Note
that, after making the initial phase measurement, increases and de-
creases in the number of cycles between the user and the satellite
are counted by a phase-lock loop and reflected in {¢>i(" )}; therefore,
VAN is an unknown, constant, integer-valued vector.

As we noted before, when every antenna connects to a single
receiver, the differential clock bias term c At equals zero. Therefore,
the single differenced measurement equations (8) and (9) reduce to

Ap=HAx+ An 14
AM(Ap + AN) = HAx + An (15)

If one adds the receiver oscillator phase differences to the integer
ambiguities as in Ref. 20, they are canceled in the single differ-
ence, and AN is, thus, an integer-valued constant vector. Using the
preceding equations instead of their double-differenced equivalents
(11) and (10), therefore, allows one to resolve the relative positions
using one fewer GPS satellite than the two-receiver case requires.
Unfortunately, the experimental results shown later in the paper had
to be conducted using two separate receivers because the primary
purpose of that experiment was verification of a system where the
length of the baseline was undetermined in general. For the rest of
the paper, we will, therefore, use only the more generally applicable
double-differenced measurement equations, but keep in mind that
when single differences are substituted for double differences in the
sequel the results will have the same form.

Once we determine the value of the constant, integer-valued
vector VAN, we can generate very accurate relative position es-
timates using the carrier phase measurement equation (11). Our
objective is, thus, to determine an accurate value for the integer
ambiguity VAN as rapidly as possible.

III. Finding Integer Ambiguity When Antennas
Are Mounted to Rigid Body

We will now illustrate a method for determining the integer am-
biguity VAN that takes advantage of our knowledge of the fixed
distance between the antennas.

A. Construction of Residual Based on || Ax||

To determine the probability that a particular hypothesis set for
the integer ambiguity is correct, we analyze residual processes as-
sociated with the GPS measurements. We define a residual process
as a random variable whose statistics depend on the actual hypoth-
esis set. When a residual process is independent in time, statisti-
cal hypothesis testing methods can use it to determine the proba-
bility that a given hypothesis is correct to an arbitrary degree of
certainty.'*~1?

Suppose now that we know the distance d 2 || Ax|| between two
antennas, but not their relative orientation. We will use this infor-
mation to construct a new measurement residual that, when com-
bined with the measurement residuals already in use, will allow the
hypothesis tests to converge more rapidly than with the standard
residual alone.

We begin with the linearized vector form of the double-
differenced carrier phase differential GPS measurements of Eq. (11),

MVAQ + VAN) = VHAx + VAR (16)

If VH has full column rank, then there exists a left pseudoinverse
(VH)" so that

(VH)'VH =1 a7

Therefore, by multiplying Eq. (16) by (VH)" on the left and rear-
ranging terms, we obtain an expression for Ax:

Ax = (VH) [MVAQ + VAN) — VAn] (18)

Note that except for the error associated with constructing the lin-
earized equation (16), this expression for Ax is exact.

We now can substitute this expression into the definition of the
known quantity d:

d* = (Ax)" Ax 19)
= A2(VA@ + VAN) [(VE)'1T (VH) (VAG + VAN)
—20(VAG + VAN) [(VH)'1T (VH) VAR (20)
+ (VA [(VE)'T (VH)'V An
~ A2(VA¢ + VAN) [(VH)'1T (VH) (VA@ + VAN)
—20.(VAG + VAN) [(VH)'1T" (VH) VAR 3]

where Eq. (21) approximates Eq. (20) to first order by assuming
small values of VAn.
Rearranging Eq. (21) yields a new residual for hypothesis testing,

Ri 2 d? —32(VAG + VAN) [(VH)\" (VH) (VA + VAN)

~ —2MVAQ + VAN [(VH) T (VH) VAR (22)

Note that this same residual was used in Ref. 8, but there it was
used solely for statistical tests that lasted only for one measurement
epoch. Here, we will use this residual as part of a multi-time-step
integer resolution scheme. Note also that the statistics of R, are
related to those of the residuals used in Ref. 6,

R, = )\E(VA(]E + VAN) =EVAn (23)
R, = A(VA({S + VAN) —VAp=VAn—VAn (24)
where E is a matrix annihilator such that

EVH =0, 3, EE" =14y _3)m-3

Such an unitary matrix annihilator will always exist if VH has full
column rank. The residuals R, and R, are, thus, random variables
that are multiples of the random variables VAn and V An. Note that
Eq. (23) is obtained from Eq. (11) by using E to annihilate VH, and
Eq. (24) is obtained by simply subtracting Eq. (10) from Eq. (11).
Combining the three residuals, we have the random process

R,
Rg
Ry

1>

AMVAG+ VAN) — VAp
= AE(VA® + VAN)
| d* —)2(VAG + VAN [(VH)')T (VH) (VA + VAN)

r—1 1
o £ [VAn]
. .|| VAR

L 0 —2A(VAQ+ VAN [(VH)']" (VH)

(25)

If VAn and V An are random processes whose elements are inde-
pendent in time, then the sequence {r(k)} is suitable for statistical
hypothesis testing.

In practice, the antenna array may not be perfectly rigid. The
fixed-baseline part of the residual » may be modified to account for
the flexibility of the array by introducing a noise term to the baseline
distance d in Eq. (20). However, doing this might require accurate
modeling and estimation of the structural dynamics of the array,
significantly increasing the complexity of the problem.
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B. Determining Integer Ambiguity Using the Augmented Residual

We may now determine the correct set of integer biases {VAN©},
i=1,2,...(m—1), using the technique that was developed in
Ref. 6. If we assume that m > 4 and that n and 7 are random vectors
with known probability density functions whose elements are in-
dependent between time steps, the following technique will resolve
the initial integer biases:

Algorithm (MHWSPT)

1) Choose a threshold value T for the probability that a particular
set of integers is the correct one. This is the stopping criterion for
the test.

2) Generate floating-point valued estimates of {VAN®},
i=1,2,...,(m—1), with Egs. (10) and (11) using standard least-
squares techniques. Note that if we attempt to include the length
constraint in generating these floating-point valued estimates, the es-
timation problem becomes nonlinear. To avoid this additional com-
plexity, do not use the length constraint in calculating the floating-
point estimates.

3) Choose a collection {H;}, j =1,2,...,n, of sets of possible
integer-valued hypotheses that are near to the floating-point esti-
mates. Developing efficient methods for choosing this set when the
noises are Gaussian has been the subject of recent research.*>7

4) Ateach time step k, for every hypothesis H ;, evaluate the resid-
ual r in Eq. (25) assuming that the value of VAN is given by VAN ;.
‘We will denote the residual corresponding to hypothesis 1 ; by r; (k).

5) For each integer set hypothesis 7 ; under consideration, define
F;(k) as the probability that hypothesis set j is the correct one,
given the time history of all of the residuals {r,([), r,(I), ..., r,(D)},
[=0,1,2,...,k, thatis,

Fj = PH;[{iri),rnD),...,r,(D},1=0,1,2,...,k)

6) Set each of the initial values {F;(0)}. One possibility is to
choose the equiprobable distribution F;(0)=1/n, j=1,2,...,n,
where 7 is the number of hypothesis sets under consideration.

7) Propagate {F; (k)} using the updates

Fik) - filrj(k + D]
S0 Fk) - filr(k + )]

where f;[r;(k+ 1)] indicates the probability density function of
rj(k+1), assuming that hypothesis H; is correct. When one of
{F;(k)} exceeds the threshold T, stop and declare the corresponding
hypothesis set to be the correct one.

For any given probability of the chosen hypothesis being correct,
avalue for T can be found that ensures that the declared hypothesis is
correct with that probability. If the algorithm is allowed in principle
to continue indefinitely, it minimizes the expected number of steps
before a hypothesis choice is announced.'*~ !

We note that the residual r could also be used to detect the failure
of the GPS phase-lock loops to register the passing of a full carrier

Fj(k) - filrj(k + D]

cycle after the integer ambiguities have been determined. (GPS liter-
ature refers to these failures as cycle slips.) Doing this would involve
applying the multiple-hypothesis Shiryayev sequential probability
test to r in a similar way to the method presented in Ref. 6.

C. Special Case: Gaussian White Noise

Suppose now that the noise sequence VA is a white noise pro-
cess with zero-mean Gaussian statistics. Then when the value of
VAN in Eq. (25) is correct, R, should also be a zero-mean Gaussian
white noise process, with covariance

E[Rs] = 2(VAG + VAN [(VED' (VH) Vo [(VH) T
x (VH) (VA + VAN) (26)
where
Vew = E[VARVAR] 27)

At every measurement epoch, we can construct the residual r
using Eq. (25), where r is zero mean with variance

VCO e 0
Véc[ od v :|CT 28)
where
-1 I
c2lo E

0 —2x(VA+ VAN)[(VH)'|" (VH)"

Veote = E[(VAR)(VAR)T], Vew = E[(VAD)(VAD)]
When one uses a single receiver, the covariance matrices V4. and
V.ar are usually diagonal. Note that, in the two-receiver case, the
double differencing operation fully populates the matrices V4. and
Vcar-

Note now that the residual r is a function of the choice of the in-
teger hypotheses {VAN,},i=1,2,...,n. At every time k, each
hypothesis of the integer ambiguity VAN, (k) corresponds to a
different possible value of the residual and the noise covariance,
denoted r;(k) and V;(k). Hence, for any hypothesis i at time k,
we can calculate the corresponding probability density function

Silri (01
filr (o1 = [1/ @) @2 v, (k)" @]

x exp {=0.5r (k)" Vi (k)] 'ri (k) } (29)

where a(k) is the dimension of the residual vector r; (k).
The Gaussian nature of the measurements simplifies the propa-
gation of the conditional probabilities used in the MHWSPT:

Fi(k)[1/ @) ®+ V2|V, (k 4 D)|“* 2] exp {=0.5r;(k + DTV, (k + D]7'r;(k + 1}

Fik+1) =

1
(27 )atk+ 1)/2|Vj (k + 1)|ak+D/2

Stk + D) F; (k)

Sk +1) S(k) : 1

S R filrnte+ D1 Y F[1/@mye DRV + DIk 02 exp {—0.57(k+ DTV + DI 'ritk + 1)

exp {—0.5r;(k + D' [V;(k + D]"'r;(k + D}

(2m)ak+ V2|V (k 4 1)|atk+D/2 (zﬂa(k)/Z)'Vj (k)|a®r/2

xexp {—0.5r;(k + D[V, (k + DIk + 1) — 0.5, ()" [V, ()] 'r; (k) }

=1 =1 =1

k+1 k+1 1 k+1
T -1
=T]s® H(zn)a<l)/2|v,-(z)|a</>/2 exp{— Y 051,07V, (O 'r; () (30)
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where we define

n 1
A
St+1) 2 1/(;5(1& S AT

xexp{—o.5r1(k+1>TV,(k+1)1r,(k+1)}> (31)

We can, therefore, see that the exponential part of the probability
is a weighted sum of the squares of the residuals, exactly the same
as the chi-squared cost function used in conventional GPS integer
ambiguity resolution. However, other terms also appear in the con-
ditional probability F;(k + 1) that do not appear in a conventional
sum-of-squares cost function.

Most important, the probability F; is created by normalizing by
S, the effect that the new information has on the other hypotheses.
Hence, the importance of the new information about the jth hypoth-
esis is relative to the importance of the new information’s effect on
the probabilities of other hypotheses being correct. Unlike a conven-
tional chi-squared test that checks against an alternative hypothesis
that is a Gaussian random variable with a known covariance and
an unknown mean, whose elements are real numbers, the test that
we use knows that the null hypothesis and the set of all alternative
hypotheses are unique members of a finite set.

Another way of viewing the difference between our approach and
conventional approaches is to consider the conditional probability
density function

k+1
1

Hiilai27---aik:
£ 05,20 i) = | [ ] s

Vi)l

k+1

X exp | — ZO.Sn O Vi1 'ri (1)

I=1
‘We can, therefore, think of the sum

k+1

PG AGI 0]

I=1

as a proxy for the conditional probability density function
fIHir:(1),r;(2), ..., r;(k)] and make decisions based on whether
this proxy indicates that hypothesis i is probable. However, to con-
struct conditional probabilities for a binary test, we must also know
a distribution for the alternative. The most commonly used statis-
tical tests assume an alternative hypothesis that is Gauss normal
with an unknown, real-valued mean and the same covariance as
the primary hypothesis; but we know that the circumstances are
more constrained. There are only a finite number of possible val-
ues that the mean can take. Therefore, our scheme differs from the
conventional one in that it constrains the probabilities by imposing
additional relevant information about the problem.

Our approach to determining the integers also enables us to make
easy interpretations of intermediate results before a winning hy-
pothesis emerges. At any time before the declaration of a winning
hypothesis, a designer can tell how probable each hypothesis choice
is, a very useful diagnostic tool for tuning parameters such as the
cutoff probabilities.

Two noteworthy features of the MHWSPT are its sequen-
tial nature and its optimality. Because of the sequential na-
ture of the MHWSPT, only the current conditional probabilities
{F;(k)}, j=1,2,...,n, need be stored. Another advantage of the
MHWSPT is that the MHWSPT has been proven to minimize
asymptotically the expected duration of the test, given an acceptable
probability of announcing an incorrect choice that is set by the user
and the possibility that sampling can continue indefinitely.'#~ !

Our technique for integer ambiguity resolution differs from the
conventional techniques in one last important way. Whereas we as-
sumed in this discussion that the measurement noise conformed to

Gaussian white noise, the noise in some GPS signals is rarely so.
For instance, errors introduced by multipath in GPS code measure-
ments generally follow Rayleigh or Nakagami—Rice distributions.
Whereas with sum-of-squares techniques we can only approximate
this noise with Gaussian noise, we can introduce the correct proba-
bility density functions for the noises into an MHWSPT.

IV. Experimental Results

The effectiveness of the new integer resolution technique was
evaluated using a data set that was generated with a test rig con-
sisting of two GPS antennae (Sensor Systems Model S67-1575-96)
rigidly mounted a fixed distance across from each other (2.3 m). On
Friday, 13 October 2000 at 19:22:33.5 Pacific Standard Time, the
testrig was mounted on top of a car across its center axis (like a police
light bar). The car was driven for several minutes back and forth on
aroad in Los Angeles, California (34° 4’ 5” N, 118° 26/ 53" W), that
ran roughly NNW-SSE while two GPS receivers (Ashtech Model
Z-12) collocated with the two antennas recorded L1 and L2 GPS
measurements at a rate of 2 Hz. Some portions of the route that the
car traversed were straight, whereas in other portions the car turned
sharply, and sometimes the car remained stationary. The data set,
thus, had measurements taken during periods of high and low re-
ceiver position dynamics. Because these data were collected for the
purpose of calibrating and testing a differential positioning system
and not for measuring attitude, two separate receivers were used in
a situation where a single receiver would have performed better. If
both of the antennas had been connected to the same receiver and
the line delays had been calibrated, then the single-differenced mea-
surements would have contained no differential clock errors, and the
double-differencing operation that eliminates differential clock bi-
ases would have been unnecessary. The resulting single-differenced
data set would have had a smaller noise standard deviation than the
one that we used by a factor of /2, and the differential positions
could have been estimated with as few as three visible GPS satel-
lites, instead of the four visible satellites that were required because
we used separate receivers.

To compare the integer resolution technique presented in this pa-
per to one that does not exploit the fixed baseline constraint, we
broke the 495-s long data sequence into 395 overlapping 50-s-long
data sequences, each one beginning 0.5 s after the previous one and
ending 0.5 s later than the previous one. The results from the in-
teger resolution and verification technique presented in this paper
were then calculated to compare with results that used the standard
residuals. All of the integer resolution techniques assumed that the
pseudomeasurement noise sequences were independent, identically
distributed random sequences with zero-mean Gaussian statistics.
The standard deviations for each L1 code pseudomeasurement were
assumed to be 2 m, and the standard deviations for each widelaned
carrier phase pseudomeasurement were assumed to be 4 cm. Each
integer resolution technique attempted to use information from six
satellites. (Hence, there were five initial double-differenced inte-
ger ambiguities to be resolved.) Given the widelane wavelength
of 86.19 cm and the antenna separation distance of 2.3 m, there
can be at most a separation of seven full waves between the two an-
tennas. Therefore, for each double-differenced pseudomeasurement
sequence, seven different hypotheses for its initial integer bias were
considered. Hence, a total of 7° = 16,807 different hypotheses for
the initial integer bias set were under consideration, encapsulating
all possible values for the integers in a hypercube.

Note that even using widelane measurements requires a large
number of hypotheses if we want to account for every possible com-
bination of the integer ambiguities. The situation becomes almost
computationally impossible with a single-frequency L1 receiver be-
cause the L1 wavelength is much shorter than that of the widelane
combination. If we were to contemplate resolving integers in this
case, we would have to winnow out the set of possible hypotheses
by only considering the more likely ones. Although we could do
this, we would run the risk of throwing away the true hypothesis,
a dangerous possibility indeed. All search methods for finding in-
teger ambiguities possess this vulnerability, a definite disadvantage
compared to motion-based methods.
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Because the test platform was not instrumented with calibrated in-
ertial instrumentation, the success of the integer ambiguity searches
can only be determined indirectly. Because the road where the test
was performed had a shallow grade, we can check whether the rel-
ative altitude between the GPS antennas was close to zero. We are
fairly certain that the platform did not roll more than 10 deg during
the test, and so we should expect all differential altitude measure-
ments to be smaller in magnitude than 2.3 sin(10 deg) = 0.3994 m.
When the convergence threshold 7" was set to 0.999, the sequence of
altitude differences calculated at every converged trial had a mean
of 0.0180 m and a standard deviation of 0.2017 m, well within the
range that we would expect. (For the trials matching a 7' =0.99
threshold, the corresponding values were a mean of 0.0182 m and
a standard deviation of 0.2358 m.)

We can also check whether the integer ambiguity hypotheses that
we determined were consistent with the observed trajectory of the
vehicle. The vehicle made a 180-deg turn every time it reached
the end of the course, and so these turns should appear as 180-deg
changes in the estimated yaw angle. Inspecting the estimated yaw
angle history does in fact show that the estimated yaw angle would
remain constant for long periods, then rapidly change by 180 deg.

We tested our results in one more way by estimating the distance
between the two antennas. Because this baseline distance is fixed
at 2.3 m, the choice of integer ambiguities when combined with
the carrier phase measurements should lead to distance estimates
of 2.3 m. When the statistical testing threshold value was set to
T =0.999, the estimated distance between the two antennas at all
converged trials had a mean of 2.32 m and a standard deviation of
2.46 cm. (For a threshold of 7' =0.99, the estimated distances for
converged trials had a mean of 2.3294 m and a standard deviation of
0.0241 m.) We, therefore, appear to be making our estimates with
centimeter-level consistency.

Table 1 compares the number of Wald tests that converged (to a
threshold of either 0.99 or 0.999) within 50 s. It also lists the average
time that those tests that converged within 50 s tests took to converge.
The tests with the augmented residual appear to converge about eight
times faster than those using the standard residual. Figure 1 shows
the time history of the probability of the most probable hypothesis
for a typical trial. Note that the curve representing the use of the
new residual is much steeper than the one without augmentation.

The same statistics are presented in Table 1 for 100 adjacent
overlapping 50-s long measurement periods that occur in regions
corresponding to high or low dynamic behavior of the test rig. It ap-
pears from the data in Table 1 that the hypothesis tests had greater
difficulty converging to a set of integer hypotheses during the pe-
riods of high dynamics. This appears contrary to our expectations
because more motion generally improves the observability of the

Table 1 Comparison of convergence success and time to
converge and between constrained and unconstrained trials

Length No. of convergence Average convergence
constraint failures time, s

Convergence threshold of 0.99 for entire set

With 23 2.0000
Without 235 16.2970
Convergence threshold of 0.999 for entire set
With 37 2.4566
Without 317 20.5320
Convergence threshold of 0.99, 50-s interval, high dynamics
With 15 4.1353
Without 52 21.0310
Convergence threshold of 0.999, 50-s interval, high dynamics
With 20 5.0438
Without 95 48.3000
Convergence threshold of 0.99, 50-s interval, low dynamics
With 0 1.2150
Without 0 11.6050
Convergence threshold of 0.999, 50-s interval, low dynamics
With 0 1.5050
Without 0 18.3800
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Fig. 1 Comparison of convergence times with and without fixed length

constraint.

ambiguities. We think that this anomaly stems from two reasons.
First, the phase-lock loops in the receivers find it more difficult
to track the GPS signals tightly during periods when the platform
experiences higher accelerations. Second, in the more dynamic pe-
riods, the GPS SVs enter and leave the view of the antennas more
frequently. This disrupts the integer resolution process because the
uncertainty associated with the integer ambiguities corresponding
to the entering satellites forces all of the conditional probabilities
lower. We end the section by noting that these effects affect the tests
that do not exploit the baseline length constraint far more than those
that do use the constraint, again probably because the constrained
tests are more likely to decide the integer ambiguities before a dis-
ruption can occur.

V. Conclusions

In this paper, we presented a measurement residual for GPS
antenna arrays where the baseline lengths between the antennas
in the array are fixed and known. One can use this type of antenna
array to determine the attitude of a rigid platform in an inertial space
using carrier phase GPS. This sort of system can be used as areplace-
ment for or as an adjuvant to conventional navigation instruments
such as gyroscopes. To determine the attitude of such an array, the
initial number of carrier phase wavelengths between each pair of
antennas (the integer ambiguities) must be found. We demonstrated
how to process the measurement residual so that the expected time
that it takes to determine the integer ambiguities in the carrier phase
measurement is minimized for the class of sequential tests where
an arbitrary number of samples are available. We also discussed
the relationship between our statistical estimation procedures and
the conventional chi-squared test and showed that our procedure
conditions the estimated probabilities that it creates on more of the
problem structure than is used by the chi-squared tests. Our exper-
iments demonstrate that using the fixed-baseline residual dramati-
cally reduces the number of measurement epochs needed to deter-
mine the integer ambiguities by approximately eightfold compared
to the number of epochs needed using an unconstrained residual.
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